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^ : ABSTRACT 

D , 
>-Ch ■ The defining properties of Yano tensors naturally generalize those of 

Killing vectors to anti-symmetric tensor fields of arbitrary rank. We show 

K> , how the Yano tensors of flat spacetime can be used to construct new, con- 

H I served gravitational charges for transverse asymptotically fiat spacetimes. 

The relationship of these new charges to Yano tensors parallels that of 

ordinary ADM conserved charges to Killing vectors. Hence, we call them 

Y-ADM charges. A rank n Y-ADM charge is given by an integral over 

a co-dimension n slice of spatial infinity. In particular, a rank {p + 1) 

Y-ADM charge in a p-brane spacetime is given by an integral over only 

the sphere S^~^~^'^'^ surrounding the brane and may be regarded as an 

intensive property of the brane. 



1 Introduction 

In this paper we introduce a new set of conserved gravitational charges for transverse 
asymptotically flat spacetinies, e.g. p-brane spacetimes that approach flat spacetime 
only in directions transverse to the brane. The usual ADM conserved charges PP of 
asymptotically flat spacetimes are closely associated with the translational and rota- 
tional Killing vectors of flat spacetime. The new charges share this same association 
with Yano tensors 0, anti-symmetric tensor fields that satisfy a natural generaliza- 
tion of Killing's equation. For this reason, we call these new charges Y-ADM charges. 

An ADM charge is defined by an integral over a co-dimension 1 slice of spatial 
infinity. We will see that for a Yano tensor of rank n, the corresponding Y-ADM 
charge is obtained by integrating only over a codimension n slice of spatial infinity. 
For example, consider a black p-brane in D spacetime dimensions. Further suppose 
that spatial infinity has either the topology BP x S^^^^'^'^\ if the spatial directions 
tangent to the brane are infinite in extent, or e.g. T^xS^'^^'^'^^ if all of these directions 
are periodically identified on a torus. The ADM mass gives the total mass of the 
spacetime, infinite in the first case and proportional to the volume of the torus in the 
second case. In contrast, the Y-ADM charge, for the rank (p-l-l)-Yano tensor aligned 
with the brane, is given by an integral only over the sphere S^~^^~^'^^ surrounding the 
brane. It is then on a similar footing to the electric charge of a p-brane, with respect 
to a (p+ l)-form gauge potential, which is similarly given by an integral over only the 
gD~{p+2) surrounding the brane. We see that while ADM charges measure extensive 
properties of a brane, Y-ADM charges can measure intensive quantities. 

For this reason, Y-ADM charges may be useful in formulating Bogomoln'yi bounds 
for branes. Gibbons and Hull derived a Bogomoln'yi bound for charged black holes 
jS] in D = 4 by extending Witten's spinorial proof of the positive energy theorem j3] 
to include a Maxwell field. This bound is saturated by \Q\ = M Reissner-Nordstrom 
black holes, which they showed have a super-covariantly constant spinor field. A 
Bogomoln'yi bound for black brane spacetimes should similarly bound the mass of a 
black brane by its electric charge in some manner. We usually infer the saturation of 
such bounds based on the existence of super-covariantly spinors. However, no explicit 
constructions of Bogomoln'yi bounds for black brane spacetimes have appeared in the 
literature. 

A priori, such bounds might be formulated in two different ways. They could be 
stated in terms of extensive quantities, in which case the intensive electric charge 
would be further integrated along the brane in order to be compared with the exten- 
sive ADM mass. Alternatively, they might be stated in terms of intensive quantities, 
relating the electric charge to a Y-ADM gravitational charge, both given by integrals 
only over the S^~^^^'^'^ surrounding the brane. 

Abbott and Deser (AD) [S] showed that ADM charges may be constructed for 
any class of spacetimes that admit Killing vectors asymptotically. The constuction of 
Y-ADM charges presented below closely parallels the AD construction. In the present 
paper we focus solely on Y-ADM charges for asymptotically flat spacetimes. However, 
we expect that the construction may be extended to give Y-ADM charges for any 
spacetime that asymptotically admits Yano tensors. The existence of Yano tensors in 



deSitter, anti-deSitter and reduced holonomy manifolds has been discussed recently 
in reference fB^. Therefore, we expect Y-ADM charges may be defined for asymp- 
totically deSitter and anti-deSitter spacetimes, as well as wrapped brane spacetimes 
asymptotic to the product of flat spacetime with a reduced holonomy space. 

Finally, we note that Yano tensors play an important role in the integrability of 
the Dirac equation in the Kerr- Newman spacetime [7] and related discussions of the 
supersymmetries of spinning point particles (see references jHj and [Hj for extensive 
discussions and further references on these topics). 

2 Yano tensors 

The properties of Yano tensors |2] generalize those of Killing vectors to rank n anti- 
symmetric tensor fields, with Killing vectors corresponding to the special case of rank 
n = 1. An n-form fai...a„ = f[ai...a„] is a Yano tensor j2] if it satisfies the equation 
^(01/02)03. ..a„+i = 0, which implies the useful properties 

Vai/a2...a„+i — \' [aiJa2...a„+i] {^) 

Va.r-"- = 0. (2) 

It follows that second derivatives of Yano tensors are given by 

^a^bfci...Cr^ = (-1)" 2 ^ a[bcifc2:.cn]d (3) 

which reduces to the familiar formula for Killing vectors for n = 1. 

The maximum number of Yano tensors of rank n in D spacetime dimensions 
may be found by a straightforward extension of the argument for determining the 
maximum number of Killing vectors (see e.g. appendix C of reference 0). As a 
consequence of equation Q a Yano tensor is entirely determined by the value of 
its components and their first derivatives at any point. If we start with n = 2 for 
simplicity, then there are ^D{D — 1) components of the Yano tensor fab at a given 
point and \D[D — 1)[D — 2) components of the first derivative V afbc which must be 
totally antisymmetric. Thus the maximum number of rank 2 Yano tensors is then 
N2 = |(-D^ ~ D). It is then also straightforward to see that the maximum number of 
Yano tensors of rank n is given by 
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Flat spacetime has the maximum number of Yano tensors of each rank. Taking 
ranks n = 2 as an example again, there are \D{D — 1) translationally invariant Yano 
tensors, which can be written as the 2-forms 

/(«'') = dx" A dx^ (5) 

and ^D{D — l){D — 2) Yano tensors with components that are linear in the coordinates 



The Yano tensors f^"'''\ which we will call translational Yano tensors, are simply 
the wedge product of two translational Killing vectors. The Yano tensors /("'"=), 
which we will call rotational Yano tensors, are built by taking the wedge product 
of a rotation, or boost, in one plane with a translation in an orthogonal direction 
and then antisymmetrizing. A similar construction for each rank yields the maximal 
number of Yano tensors in flat spacetime. 

3 AD construction for Yano tensors 

The ADM mass, momenta and angular momenta of asymptotically fiat spacetimes 
are associated respectively with the translational and rotational Killing vectors of 
fiat spacetime. Abbott and Deser [Sj showed how to construct similar conserved 
charges for any spacetime that asymptotically admits Killing vectors. For example, 
the AD construction yields conserved charges for asymptotically deSitter or anti- 
deSitter spacetimes. 

In this section we will see that the steps of the AD construction can be generalized 
to yield conserved charges for spacetimes that asymptotically admit Yano tensors. 
Although we will eventually limit our scope to asymptotically fiat spacetimes, we 
will begin working without this assumption. The restriction to asymptotically fiat 
spacetimes simplifies the construction considerably. However, we expect that the con- 
struction can be extended to all spacetimes that asymptotically admit Yano tensors. 
To simplify the presentation, in this section we consider only rank 2 Yano tensors fab- 
The construction of conserved charges for arbitrary rank Yano tensors is given in an 
appendix. 

3.1 The conserved Yano current 

The AD construction begins by noting a property of spacetimes that exactly, as 
opposed to only asymptotically, admit Killing vectors. If f"" is a Killing vector, then 
the current given by 

3" = G^'h, (7) 

is covariantly conserved. This is easily seen by writing 

Vaf = (V.G"^^)/, + C^'Vah = 0, (8) 

where the first term vanishes due to the well known divergence-less property of the 
Einstein tensor, and the second term vanishes using the symmetry of G"* and Killing's 
equation. 

Now consider instead a spacetime that exactly admits a rank 2 Yano tensor fab- 
It then follows that the two index anti-symmetric tensor 
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J [f"^R,f - 2/"^i?/ + 2f^'R; + f^R) (9) 

is divergenceless, i.e. it satisfies 

Vaj"' = 0. (10) 



Computing the divergence of j"'' naturally yields a sum of eight terms. Each of the 
four terms in which the derivative operator acts on the Yano tensor turn out to vanish 
due to the properties (jT]) and Q of Yano tensors combined with the standard prop- 
erties of the curvature tensors. The four terms in which the derivative operator acts 
on a curvature tensor cancel after additionally making use of the Bianchi identities^ 

V[,i?b,]de = 0, V,i?,,/ + 2V[fei?e]d = 0, VaR\-^VbR = 0. (11) 

If instead a spacetime admits a rank n Yano tensor, then a divergenceless, n index 
anti-symmetric tensor j'^i-"" may be constructed. An expression for j"i---"" is given 
in the appendix in equation (j44j) . For the Killing vector case, n = 1, the resulting 
conserved current is again that of equation (|7j) above. We note that the overall 
numerical prefactor in equation Q for the Yano current is clearly arbitrary. The 
factor —1/4 follows from formula (jl^ for the general case, where a particular rank 
n dependent prefactor has been chosen to give agreement with the n = 1 case. 

Returning to the case of a rank 2 Yano tensor, the conserved charge associated 
with the current j"'^ is most simply expressed in differential form notation. If we 
consider the 2-form 

J = -3abdx^Adx'', (12) 

then equation Q implies that d*j = 0. If the total spacetime dimension is D, then 
the integral of *j over any {D — 2)-submanifold S is conserved in the sense that it 
depends only on the homology class of E. 

3.2 The linearized Yano current in asymptotically flat space- 
times 

Thus far, we have considered a spacetime that exactly admits a Yano tensor /„;,. 
Following the AD construction, the next step is to consider a spacetime that admits 
a Yano tensor only asymptotically at spatial infinity. Let cjab be a fixed background 
metric with covariant derivative operator Va, having a rank 2 Yano tensor fab- We 
consider spacetimes asymptotic to (jab at infinity, with falloff at a rate sufficient to 
render the surface integral expressions for the charges defined below to be finite. We 
write the full spacetime metric as 

gab = (Jab + hab, (13) 

where hab need not be small in the interior. We will need the expression for the terms 
in the Riemann tensor linear in hab, which are given by 

R^abc' = -2V[.r5/ (14) 

^b/ = U^bh/+v.K'-v%:}. (15) 



^The first, uncontracted Bianchi identity is required only in the case of case of rank n > 2 Yano 
tensors presented in the appendix. 



We will also need expressions for the linear terms in the Bianchi identities expanded 
around cjab- At this point in the construction, we will specialize to the case of a flat 
background metric, i.e. R^hif = 0. With this assumption, the Bianchi identities (fTT|) 
imply similar formulas for the linearized curvatures with respect to the background 
derivative operator 

^[aRtc]de = 0, ^aRL^ + 2V[,i?,^, = 0, V./?^'^, - ^Vfei?^ = 0. (16) 

Having specified that gab = Vab+hab, the construction of Y- ADM charges applies to 
the general class of transverse asymptotically fiat spacetimes. In such spacetimes, the 
metric falls off to the fiat metric as one approaches infinity in certain "transverse" 
spatial directions, but not in other "tangent" directions. P-brane spacetimes, for 
example, approach the fiat metric only in directions transverse to the brane. Standard 
asymptotically fiat boundary conditions can be regarded as a special case of transverse 
asymptotically fiat boundary conditions. 

In the absence of an exact Yano tensor for the full metric Qab, there is no Yano 
current j"''' conserved with respect to the full covariant derivative operator. However, 
following Abbott & Deser, we consider the new current k""^ defined in terms of the 
linearized curvatures by 

f^ab ^ _1 (^fcdj^L^ab _ 2f'^^RLJ> + 2/^^=/?^/ + f^ R^) (17) 

This new current k""^ then satisfies the conservation law 

V„r* = (18) 
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with respect to the background derivative operator and can be used to define a 
conserved charge. After plugging in the linearized curvature, we obtain a compact 
formula for the linearized current 

fc'^' = 3 5.1;l/'='V.V'"V, (19) 

where the symbol ^^f^n = ^k^\^m^n is totally anti-symmetric in both its up and its 
down indices. 

We can now construct a conserved charge from the 2-form k = {l/2)kabdx"' Adx^. 
Equation (jl8|) implies that d*k = 0, where the symbol * denotes the Hodge dual with 
respect to the background metric. The Y-ADM charge defined up to an arbitrary 
normalization factor by the integral of the (D — 2)-form *k over a {D — 2) dimensional 
volume E, 

/ 'k, (20) 

is then conserved, i.e. invariant under changes of the volume S that preserve its 
homology class. 

The final step is to rewrite the Y-ADM charge as an integral over the {D — 3) 
dimensional boundary 9S. Since *k is closed, we can locally write *k = d*l with I a 



3-forin. The Y-ADM charge is then given, again up to a normahzation factor to be 
specified below, by the boundary integral 



*/. (21) 

IdT, 

We can find an explicit expression for I = {l/6)labcd.x"' A dx'^ A dx'^ in the following 
way. The 2-form current k is related to the 3-form / by k"-^ = VJ"''^'^. Equation (J19j) 
can be straightforwardly rewritten as 

k""' = 3<5,"rn (V.(/'='V'"V) - V'-{(yj'')h-) + (V'"Vj'=')/z/) . (22) 

In this expression, the third term within the parenthesis on the right hand side 
vanishes by virtue of equation Q and the assumption of a fiat background. The 
first term is manifestly the divergence of an anti-symmetric tensor, once the constant 
tensor (5jjf^„ is brought inside the parenthesis. The second term is not obviously of 
this form. However, if one expands the symbol S^'l^^, many terms drop out due to 
the properties of Yano tensors, and the remaining terms have the desired form. We 
then find that fc"^ = Va/"^^ with 

r'"^ = ^Sttif^^^'h,-) - ^(VlV^^^)/^'. + |(V^/t'^')4- (23) 

Note that for translational Yano tensors Vcfab = and only the first term contributes. 

3.3 Y-ADM charges 

As discussed above equation (j2^, the Y-ADM charge associated with the Yano tensor 
/"^ is obtained by integrating /"''^ over a codimension 2 slice 9E of spatial infinity. 
Given the relation k"''' = VJ"''"^, the charge can be written equivalently as an integral 
of /c"^ over E. Let us write the background metric in the form 

gab = {n''nc)nanb + XaXb + Qab, (24) 

where n'^ and x" are mutually orthogonal unit normal vectors to S, with ra" allowed 
to be either timelike or spacelike, and Qab is the metric on S. Let us further write 
near spatial infinity 

qab = ran + lab (25) 

where at spatial infinity r" and jab are the unit normal vector and metric on (9S. 
The Y-ADM charge Y[fab,dTi\ associated with the Yano tensor f"''' and the surface 
of integration 9S at spatial infinity is then given in its boundary and volume integral 
forms by 



Y[fab,dJ:] = ^1 d^-^xJ^\n^aXbrc]l'''" (26) 

= ^ I d^'-^xM nyaXb^ A;"^ (27) 



This equality is the main result of the paper. The boundary integral expression is 
then the definition of the Y-ADM charge, applying both to spacetimes with smooth 
interiors and also to black brane spacetimes. Equivalence of the boundary integral 
expression with the volume integral expression holds only in the case of smooth 
interiors, i.e. when there are no interior boundaries. Similar formulas may be written 
for the Y-ADM charges corresponding to arbitrary rank Yano tensors. 

Let us now establish some notation for a specific type of Y-ADM charges. As 
described in section Q , the Yano tensors of fiat spacetime can be written as linear 
combinations of basis elements of two types, translational and rotational. Transla- 
tional Yano tensors of rank n are simply wedge products of n translational Killing 
vectors. Rotational Yano tensors are antisymmetrized combinations of wedge prod- 
ucts of a rotational Killing vector with (^ — 1) translations. Recall that to fully specify 
a Y-ADM charge, in addition to specifying the asymptotic Yano tensor, we must also 
choose a surface of integration at infinity. Differently oriented surfaces of integration 
can yield different charges. Let Q("i--<^") denote the Y-ADM charge associated with 
the translational Yano tensor 

f = — dx"^ A . . . A dx"" , (28) 

n! 

with the surface of integration taken to be orthogonal to each of the directions 
x"^, . . . ,x"". Consider the Killing vector case n = 1. The charge Q^^-* is then the 
ADM mass, with a surface of integration that is a constant time slice at infinity. 
The charge Q^^-* is the ADM tension in the x^ direction recently defined in references 
PniCI] (see also P2|)- ^"^ ^^^^ case, the surface of integration includes the time di- 
rection, but excludes the x^ direction. Note that Q^^' defined in this way is distinct 
from the component of the ADM momentum in the x^ direction, which is based on 
the same current, but is defined in terms of integration over a constant time slice at 
infinity that includes the x^ direction. 

For spacetimes with smooth interiors, it is worth noting an important distinction 
between the volume integral expressions for Y-ADM charges in general and the special 
case of ADM charges, which correspond to rank n = 1 Yano tensors. For the case n = 
1 the volume integrand is precisely the linearized Einstein tensor contracted with the 
background Killing vector. Using Einstein's equations this can be rewritten in terms 
of the stress energy tensor and the nonlinear terms in the Einstein tensor. When these 
nonlinear terms are small, the ADM charges are given by integrals of components of 
the stress energy tensor and acquire a straightforward physical interpretation in this 
way. For rank n > 1 Yano tensors, we see from equation ()17p for rank n = 2 and 
more generally from equation ()48|) that the volume integrand for the Y-ADM charge 
will include a contribution from the linearised uncontracted Riemann tensor. This 
contribution cannot be rewritten in terms of the stress energy tensor and inhibits an 
equally simple physical interpretation of the higher rank Y-ADM charges. 

In order to illustrate these comments, we give an explicit expression for the volume 
integral form of the charge Q^^^\ 



Using Einstein's equations, the terms in the integrand involving the Ricci tensor 
and scalar curvature can be rewritten in terms of components of the stress energy 
tensor and given a straightforward physical interpretation. The final term, involving 
a particular component of the Riemann tensor cannot. It would be quite interesting 
to find a physical interpretation of this latter contribution. 

4 Intensive vs. extensive charges 

In order to compare the results for ADM and Y-ADM charges, we consider the 
example of a static string in D = 5 taken to lie along the x^ axis. We calculate the 
ADM mass M = Q(°), ADM tension T = Q(^) and also the Y-ADM charge Q(°^) 
associated with the rank 2 Yano tensor aligned with the string, i.e. with non-zero 
components /°^ = — /^° = 1. The boundary integral expressions for these charges, 
require only the metric far from the string. This can be determined from the linearized 
response to delta function sources extended along the x^ axis and at the origin in the 
transverse {x'^,x^,x^) space. The nonzero components of the stress energy are taken 
to be 

Too=p5%x), Tu = \5%x) (30) 

where x denotes position in the transverse 3-space. 

This example will illustrate the intensive nature of Y-ADM charges. The charges 
we calculate will, of course, all be proportional to the parameters p and A that 
characterize the string source. However, they differ both in the details of the boundary 
terms and in the dimensions of the surfaces of integration. Spatial infinity, in this 
example, has topology R^ x S"^, where the R^ directions are the {x^,x^) directions 
tangent to the worldvolume of the string. Calculating the ADM mass requires an 
integral over the full spatial cylinder R x S^ surrounding the string at infinity. It is 
thus an extensive property of the brane. If the x^ direction is periodically identified 
with length AL, then the ADM mass will be proportional to p AL. The parameter p 
then is then proportional to a mass per unit length. 

The ADM tension, which also requires an integral over a surface with topology 
R X S'^, is similarly an extensive quantity. The extended direction, in this case 
however, is now the time direction. Let the integral to be restricted to a finite time 
interval At. The tension will then be proportional to A At and the parameter A is 
proportional to a tension per unit time. In contrast, calculating the Y-ADM charge 
q(oi) requires only an integral over a spatial S'^ at constant x^, x^. It will simply be 
a linear combination of the parameters p and A. These points are illustrated by the 
following calculations. 

The non-trivial components of the linearized Einstein equations with the sources 
specified above are given by 

d'^dkhoo = -lQ7rp6^{x) (31) 

d'^dkhi = -lQ7vX6\x) (32) 

where hab = hab — l/'2i]abh. The solution for a static string then has the nonzero 



components 

^00 = 7; ) ^11 = 7; ) hki = — 6ki (33) 

Sr Sr Sr 

where k,l = 2,3,4. We note two special sets of values for the parameters p and A. 
Setting A = — p gives /iqo = —hu, which is a boost invariant string. Setting A = — p/2 
gives /ill = and /iqo = ^fcfc which is the asymptotic form of the uncharged black 
string obtained by crossing D = 4 Schwarzschild with a line. 

Let us first calculate the Y-ADM charge Q^^^^ for the Yano tensor aligned with 
the string, which is given after plugging in the appropriate normal vectors by 

Qm = ^ fd^Q^fik (34) 

Stt J r 

where r^ = (x^)^ + (x^)^ + (x^)^. From equation (j^Hj) we find that 

/0ifc__l(5«/,^fe_5fe/,^«) (35) 

giving the result Q*-°^-* = — (p — A)/3. The ADM mass of the string is given by 

M=— I dx^d?n — fK (36) 

Stt J r 

The quantity f'^ can be found from equation (jHlHl 

fk = l(^[Ph^-d^h^), (37) 

where the index a runs over the values (1, 2, 3, 4). The result of the integration gives 
M = pAL where AL is the length of the x^ direction. The ADM tension is given by 



T = — [dx^'d^n—i^K (3^ 



where again from equation ()5()j] we find 

p = l(5-/i^^'-9''/,^") (39) 

where in this case the index a runs over the (0, 2, 3, 4). The result of the integration 
is then T = — AAt where At is the length of the time integration. This example 
illustrates that the ADM charges are extensive quantities, while the Y-ADM charge 
aligned with the brane is an intensive quantity. 

5 Conclusions 

In this paper we have constructed a new set of gravitational charges based on Yano 
tensors. We saw that the properties of Yano tensors allow for a simple extension of the 



Abbott & Deser method of constructing ADM charges 0. Although we have focused 
on transverse asymptotically fiat spacetimes in this paper, we expect that Y-ADM 
charges may be constructed for any class of spacetimes that asymptotically admit 
Yano tensors. Such backgrounds would include deSitter, anti-deSitter and products of 
flat spacetime with reduced holonomy spaces, such as Calabi-Yau compactifications. 
A second direction for future work is to ask whether Y-ADM charges arise as boundary 
terms in a suitable generalization of the Hamiltonian formulation of general relativity. 
In such a formulation, one could consider the evolution of data on D — n dimensional 
slices under an n-parameter flow. 

One interesting property of certain Y-ADM charges for p-brane spacetimes, which 
we have highlighted, is that they are intensive quantities, i.e. not proportional to 
the volume of the brane like the ADM mass. In this sense, they are analogous to the 
electric or magnetic charge of a p-brane. For this reason, we have speculated that 
Y-ADM charges may arise in extending the formulation of BPS bounds for charged 
black holes [3] to charged black branes. 

We conclude with some observations that may prove relevant to this last topic. 
Given the general interest in black brane spacetimes, it is natural to ask whether 
these spacetimes themselves admit Yano tensors? If we consider the case of Killing 
vectors, then the Schwarzshild family of spacetimes all have static Killing vectors. 
Does a black p-brane spacetime similarly admit a rank p + 1 Yano tensor exactly, and 
not just asymptotically? 

Consider the simple example of a black string spacetime in D = 5 obtained by 
adding a flat direction to the D = A Schwarzschild spacetime 

ds^ = _(1 _ '^)dt^ + dy^ + (1 - —y^dr^ + T^dnl (40) 

r r 

One can check that this spacetime does not have a Yano tensor of the form 

/ = F{r)dt A dy. (41) 

Moreover, the detailed calculation makes clear that the only black brane spacetimes 
having such an aligned Yano tensor will be those with boost invariance in the di- 
rections tangent to the brane. For example, assume that the metric has the general 
form 

d.s^ = h{xP) 7]ab dx^dx^ + k{xP) 6c,p dx'^dx^ (42) 

where a,b = 0,1, . . . ,p are directions parallel to the brane, a,P = p + l,...,D — 1 
are directions transverse to the brane, and the functions h and k depend only on the 
transverse coordinates. It is now straightforward to show that 

/ = /i(P+2)/2d2;° Adx^ A...AdxP (43) 

is a Yano tensor. It is interesting to note that, except in the case p = 0, the Yano ten- 
sor / it is not equal to the wedge product of the Killing vectors tangent to the brane. 
The case p = 0, e.g. Schwarzschild spacetime, is a degenerate one, because there are 
no boosts to consider along directions tangent to a 0-brane. Since extremal branes are 
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generally boost invariant, this result may be relevant for the actual construction of 
BPS bounds for p-brane spacetimes. Note that in addition to extremal black branes, 
the Melvin spacetime ^13j and its various fluxbrane generalizations provide another 
example of boost invariant spacetimes. 
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Appendix A Conserved charges for arbitrary rank 

Yano tensors 

In section (jHl) above, we have given results only for rank 2 Yano tensors. Similar 
results hold for arbitrary rank Yano tensors and will be given in this appendix. The 
conserved Yano current for a spacetime admitting a rank n Yano tensor fai...a„ is 
given by 

■ai...a„ _ _ V )_Tj[aia2 na3...a„]bc , f — l "l^+^R ["i fo,2---cin]c JD£ai...an iAA\ 

where the overall normalization of the current has been set to agree with equation 
(|7j) in the case n = 1. The Yano current can also be written in the more compact 
form 

■ai...a„ _ Tvr rai...a„fci rbi...bp jj pq ( A<\ 

where the symbol ^^^''t^ is defined to be 

C.:r = 4r---C' (46) 

is totally anti-symmetric in both its up and its down indices and the constant Np is 
given by 

N,. ^ - '"+f' + ^) . (47) 

An 

The linearized current for a transverse asymptotically flat spacetime is given by 

^ai...a„ _ _2jY^ C.'S f^-^^VkV^'hi". (48) 

The linearized current may be written as a divergence of a totally antisymmetric 
tensor in the following way. Start by rewriting equation (jlH|) as 



We would like to write this in the form A;"i-"" = Vd^'^^-"-" with /''"i-«" = /[i'«i ■■■««]. 
The first term inside the parenthesis in equation (j^9|) is manifestly the divergence of 
an antisymmetric tensor. The second term is not manifestly so, but as in the n = 2 
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case reduces to such an expression after expanding the symbol (H6|) and making use 
of the general properties of Yano tensors. The final result is 

Note that the case n = 1 gives a useful, covariant form for the ADM boundary term. 
Explicit expressions for the corresponding Y-ADM charges can simply be written 
down by extending the formulas for the case of rank n = 2 given in the main text. 
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